Abstract-This paper presents a novel approach to the modeling and control of AC microgrids that contain spinning machines, power electronic inverters and energy storage devices. The inverters in the system can adjust their frequencies and power angles very quickly, so the modeling focuses on establishing a common references frequency and angle in the microgrid based on the spinning machines. From this dynamic model, nonlinear Hamiltonians surface shaping power flow control method is applied and shown to stabilize. From this approach the energy flow in the system is used to show the energy storage device requirements and limitations for the system. The modeling and control approach presented in this paper enables a unified, stable response to system disturbances, thus increasing resiliency. This paper first describes the dynamic model for a AC microgrid used for the controls development. Then a Hamiltonian energy based control is developed and shown to be stable and robust. A simulation example demonstrate the efficacy of the approach in stabilizing and optimization of the AC microgrid.
I. INTRODUCTION
AC microgrids can be very complex collections of energy sources, loads and storage. The complexity is made more pronounced with solid-state power electronic devices, such as inverters on the same network as traditional spinning synchronous machine generators. To synthesize advanced control structure, a simplified model is needed. Many electromechanical dynamic modeling approaches can be taken for an AC microgrid based on traditional electrical power systems analysis [1] , [2] . The most detailed is a full time-domain three-phase model that includes all mechanical and electrical modes. While accurate, the main drawback of this approach is that the mechanical modes of a spinning electrical generator will dominate the system, thus for most circumstances the need to model the electrical modes are eliminated. Therefore electrical modes can either be approximated as algebraic, or eliminated altogether. This approach also better enables a control synthesis and optimization. One of the features this AC microgrid model and control scheme achieves is it allows for system-level models of hybrid power grids to be included. The system level models, unified in their approach, allows all the assets on the hybrid grid to work harmoniously under duress, thus increasing resiliency [3] . This work enables development of resiliency focused strategies to harmonize power flows in AC microgrids.
One of the main challenges for microgrid design and control is that generation capacity is very close to load demand. In addition, with the stochastic nature of most renewable energy sources there is a need for energy storage [4] - [6] .
Energy storage can mitigate both long-term and short-term system transients. For example, a long term transient would be the generation variations over hours and days from a wind turbine or photo-voltaic array due to weather patterns. Shortterm transients could include step changes in load or faults in the system where the response is on the order of seconds or fractions of a second. Therefore, a proper energy storage strategy will include devices that can respond at the proper bandwidth of system transients.
Within microgrids, there are many approaches for the control and optimization of each element. A centralized control structure allows for more optimization options and implementations, yet requires more communication channels and potential single points of failure. It has been shown in [4] , [7] that energy storage requirements and control for DC microgrids can be optimized through a nonlinear Hamiltonians surface shaping power flow control (HSSPFC) approach, which uses the principle of conservation of system energy as a core modeling and control technique [8] . However, the HSSPFC method has not previously been applied to AC microgrids. This paper structures a model of the AC microgrid such that the HSSPFC can be applied and shown to be effective.
In this work, an AC phasor based approach is taken for the circuit models where electrical modes of the system are approximated as complex algebraic quantities. For example, the AC voltages shown in Fig. 1 have RMS voltage magnitudes V 1 and V 2 with relative phase angles of δ 1 and δ 2 . The two sources are connected by an inductance L. It is assumed that both sources are operating at a common angular frequency ω. From circuit analysis is can be found that the real and reactive power transfer from source 1 to source 2 is
A useful and common assumption is to define one of the angles within the circuit as a reference at 0 o such that all angles are measured relative to the reference. For example, the source voltage, V 1 angle in Fig. 1 could be set as δ 1 = 0 and the second angle, δ 2 would be defined relative to a reference angle of zero.
II. MICROGRID MODEL

A. Spinning Machine Dynamic Models
Consider the general multiple machine, single bus AC model shown in power from the machine l to the bus is
Then the torque of electrical origin upon the shaft of the machine is
From Euler's equations for rotating rigid bodies, the sum of torques on a rotating body is equal to the time rate of change in the angular momentum. Therefore, the dynamic model for each spinning machine l = 1, . . . , n is
where J l is the machine rotor inertia, D l is the damping coefficient, B l is the friction coefficient, ω l is the rotor angular frequency and δ l is the relative rotor angle. In this modeling approach machine 1 serves as the reference with ω 1 = ω l and δ l = 0. It should also be noted that the damping term D l is included as a simplified model of the machines damper windings [2] and serves to synchronize the rotors relative to machine 1.
For simplicity in the modeling and controls development, the prime mover, the machine exciter and electrical winding dynamics are not included but are treated as model inputs. However, further model development could be added to capture these effects [2] , [9] . Therefore, the control inputs to this machine model are the shaft torque T m,l and the internal voltage magnitude E l .
B. Inverter-Machine Dynamic Models
To include inverter based sources, such as PV and even energy storage, a similar modeling approach is taken as the machine model. However, and inverter lacks a mechanical inertia and uses the machine 1 frequency for reference, but does include DC bus dynamics. The model for inverter k = n+1, . . . , n+m is based upon an average mode power balance approach as shown in Fig. 3 . The power to the AC bus from the inverter is
Assuming a lossless DC to AC conversion process, the DC power must equal the AC power P k from Eq. (7) and a dependent DC current source can be define as
then the DC capacitor in Fig. 3 can be modeled as
where the v dc,k represents the DC energy source and u dc,k is the DC energy storage device. The inputs to this model are the internal voltage E k , the voltage angle δ k and the DC storage device voltage u dc,k . The complete circuit model for a multi-machine and inverter microgrid on a single bus is shown in Fig. 3 . Included in this model is a bus energy storage device modeled as an injected AC phasor current u b . The AC storage device u b is modeled as an ideal AC phasor current injection such that the bus voltage and angle are maintained at their reference values. More detailed modeling of this device could include a inverter interface to the AC bus and a DC voltage storage device such as a super capacitor or a battery.
III. MICROGRID CONTROLS
The control development for the AC microgrid model described in section II should have three objectives: 1) Maintain the system AC synchronism through convergence of all machine frequencies;
2) Maintain a system reference frequency; 3) Enable a defined performance optimization through annunciation of system reference set-points.
The following is a controls synthesis for the AC microgrid shown Fig. 3 that enables these objectives. Feedback control terms will be used to maintain the system frequency and synchronism, while feedforward control terms will be used to enforce other system reference values, such as bus voltages and angles as well as optimizing the performance of the overall microgrid.
A. Spinning Machines
The rotor electrical angles of the spinning machines in error coordinates areδ
where δ lr is a constant reference angle. For machine one, l = 1, δ 1r = 0 and ω 1r =ω is a constant reference frequency. Then the rotor error angle coordinates for machine one arẽ
The total torque command for each machines l = 1, ..., n is a sum of the feedforward and feedback control terms such that the shaft torque on the electrical machine will be
The rotor dynamic models from Eq. (6) are used to derive the feedforward control of the shaft torque. Since machine one l = 1, is the reference angle
then feedforward torque command for machine one is
The feedback control torque command for machine one to maintain the reference frequency is selected to be a PI control
The Hamiltonian for machine one control is
which is positive definite for all J 1 , K i,1 > 0. The time derivative of the Hamiltonian is given in Eq. (23), and if
However, if
to maintain stability the proportional gain needs to be selected such that
The feedforward torque commands for machines l = 2, ..., n are
The feedback PI control torque commands for machines l = 2, ..., n are to match machine ones frequency and to maintain a reference angle relative to machine ones rotor position theñ
The Hamiltonian for this control is
The time derivative of the Hamiltonian is given in Eq. (30) and
Specifically, for
so the gains need to be selected such thaṫ
In the case that
or more specifically
and
demonstrates a stabilizing dissipator. The gains need to be selected such thaṫ
For small deviations in the frequency ω l ω 1 andδ l = δ l − δ l,r 1 the frequency and angles are related by Eq. (41), since
This term can be derived from a potential function which is a conservative term that can be added to the Hamiltonian function to enhance the static stability
Then the gains should be chosen such thaṫ
In addition, if
then the gains should be chosen such thaṫ
which may require a "robust term"
Also, sign(δ l ) can be replaced with tanh(βδ l ) to smooth the control input.
Further model development could include prime mover models, such as a turbine or engine. For such a prime mover model the input would be a throttle position and the produced torque would be applied to the electrical machine.
B. Inverter
In the inverter model, the DC storage device is used to maintain the DC capacitor bus voltage. The DC capacitor
voltage reference v c,kr will be a constant,
Then the storage voltage command for all inverters k = n + 1, ..., n + m is
The feedback control for the inverter DC bus storage is
The feedforward DC storage device voltage from Eq. (9) is then found from
The Hamiltonian for the inverter is then
which is positive definite for all C dc,k , K I,k > 0. The time derivative of the Hamiltonian is given in Eq. (58), and if
is stable. However, if
then the gains need to be chosen such that
C. AC Bus
The bus storage device maintains the bus voltage and angle to the reference values. There are a couple of approaches to the controls for the AC bus storage device. The first is to determine the current residuals from the sources to maintain the reference bus voltage. Then the injected current from the storage device is then an algebraic relationship
where i k is the current injected from the AC sources
(64) A second, and simpler approach is to model the storage device as an AC phasor voltage source instead of an injected current source. With this approach, the bus voltage is specified as the reference V br ∠δ br . Then, the current Eq. (63) is a secondary, or post-process calculation. It is this second approach that will be used in the following examples.
IV. SIMULATION EXAMPLE
A two machine, single bus AC microgrid was modeled and simulated in the Modelica modeling language [10] and Wolfram SystemModeler. In this example, the bus voltage magnitude was set to V br = 208 V and the bus load impedance of R b + j X b = 1 + j Ω. The reference frequency is ω = 377 rad/s. An optimizer was run in Wolfram Mathematica to find the machine voltage magnitudes, machine two reference angle and the bus voltage angle. The objective function minimized is
which minimizes the real and reactive power from the bus storage device and drives the machine 2 power to twice the power of machine 1. This objective effectively finds the operating point where the AC bus storage device is inactive and enables a power allocation between the two machines. The optimal reference values are given in Table I . A simulation was then performed with initial rotor speeds set to ω 1 (t = 0 s) = ω 2 (t = 0 s) = 375 rad/s. Then at 1 s the load power is stepped from 21 kW to 34 kW for 0.5 s. The simulation results of the frequencies and powers are shown in Fig. 4 . It is observed that; i) both machine frequencies converge to the reference, ii) the source powers supply the load, and iii) the storage device converges to zero power. When the load power steps, the controls are such that the storage element compensates for the short load pulse without any affect on the system frequency. Fig . 5 shows the mechanical shaft and electrical output powers of machine 2. In Fig. 5 , the feed-forward control effect can be seen with the update of the torque command every 1 s starting at t = 0.5 s and the discontinuities in the mechanical power P 2,mech = T m,2 ω 2 .
V. CONCLUSIONS This paper described a simplified spinning machine and inverter model for AC microgrids. The modeling is based on an AC phasor approach and uses complex admittances and power balances to derive the dynamic models. It is necessary to make several assumptions with this approach. The first and most important is that the electro-mechanical modes of the system will dominate the electrical modes of the power distribution, such that the electrical dynamics are eliminated and replaced as algebraic quantities. The second is that the prime movers of the electrical machines are ignored and replaced with direct shaft torque actuators, and the third is that inverters are ideal and can be modeled as a power balance between a dependent DC current source and an ideal AC phasor voltage. The simulations shown in this paper are based on simple systems and optimizations, however demonstrate that the general modeling approach is effective. Future work in this approach will include more detailed electrical machine and network dynamics, prime-mover models and active loads.
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